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A REMARK ON A THEQREM OF THE GOLDBACH-WARING TYPE

C. BAUER

Communicated by 1. Z. Ruzsa

Abstract

Let p;, 2 < ¢ £ 5 be prime numbers. Tt is proved that all but < ?3027/22010+

integers N < z can be written as N = p? + p% +pi 4+ pl

even

1. Introduction and statement of results

In the thirties, I. M. Vinogradov [10] and Hua [5] established many fun-
damental theorems in additive prime number theory. Their methods were
consecutively applied to various problems in additive number theory. Among
others, Prachar established in 1952, [8] the following result:

There exists a constant ¢ > 0 such that all but < z(logz) © even integers
N smaller than z are representable as

(1.1) N = p? +p§ +pi + pi

for prime numbers p;.

In [1] and [2], this theorem was improved as follows:

All but < g19198/19200+¢ y4itive even integers smaller than © can be rep-
resented as in (1.1).

Here we improve upon this result by showing the following theorem:

THEOREM. All but & ¢23027/23040+¢ o0itive even integers smaller than
z can be represented as in (1.1}

2. Notation and structure of the proof

We will choose our notation similar as in [2]. By & we will always denote
an integer k € {2,3,4,5}, by p we denote a prime number and L denotes
logz. c is an effective positive constant and ¢ will denote an arbitrarily
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small positive number; both of them may take different values at different
occasions. For example, we may write

LPLC <« Lf, z°L° <« x°.

d{n) denotes the number of divisors of n and [a1,...,qa,] denotes the least
common multiple of the integers ay,...,a,. Be further

q
r~R&RR2<rsR Y. = >, ST= Y.

x maod g x mad ¢ 12asq 1SaSyq
x primitive T {a,q)=1

We set

P=N1w¢ Q=NP'LF (E>0wilbe defined later),

and
1 111
AL S I

We define for any characters x, x; (mod ¢), ¢ S P and a fixed integer N:

a k
Celax) = 3 xe (%) . Culaxo) = Chlorq)-

=1
q 5
* —hN
Z(Q:X?;XE:X%X-’i) = Z € (m) Hck(h'ax.k):
h=1 q k=2
Y(q) = Z(q, X0, X0, X0, X0), Alg) = (@)
¢*(q)

When the variable N is fixed, we will always write A(q) and neglect the
dependency of A(g) on N. Otherwise, we will write A(q,n).

s(p) =1+ AP, Se(d) = > An)e(nf ),

azl Yo/l ans Yo
Sy = Y. Amx(meny), T = > ey,
Vajaktl Sng i Yokt gnz e

1} if X = X0,
Wi x) = Sk(A x) = BEoTi(M x), Eo= .
0, otherwise.
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Using the circle method we define the major arcs M and minor arcs m as
follows:

V=X Y Hap, Hag - g+l

= = Qi ¢ Qg
m= [%’1+%J \ M.
Let

R(N) = > A(na) ... A(n).

Y2kt <oy S /7, kef2,.,5)
nE4nl=N

Then we find

7
&

5

(21) B(N)= [ e(-No) [] Sile) da
k=2

Ll

- (/+f)e(—Na:) fISk(a)da =: Ry(N) + By (N).
M k=2

i
Arguing as in [2], we see that
(2.2) I(N) € NrL~4A

for any A >0 and all but < z!+2% p-1/128 - ,23027/2304043¢ o0 integers
z/2 £ N < z. In the sections 3 and 4 we will show that for any given 4 > 0

i

b _ r —A
(2:3) Ri(N) = 155 P [ o) + O(2#L4),
pEP
where
S
(24) 2¥ <« Py = > 11 —y <z for N e (z/2q]

mitmotmytma=N k=2 1, *

wf 2kt om) <p
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Using that

I1 s(p) > (log P)7*,
pEpP

{see p. lemma 4.5 in [1]), the theorem follows from (2.1)-(2.4).

3. The major arcs

We will make use of the following lemmas:

LEMMA 3.1. Let f(z), glz) and f'(x) be three real differentiable and
monotonic functions in the interval [a,b]. If ]f’(m)| £e<1, g(z),
g'(z) < 1, then

b
1
ag;sbg(n)e(f(n)) = a/g(z:)e(f(a:)) dz+ O (m) _

PRrooOF. See lemma 4.8 in [9]. O

LEMMA 3.2. For primitive characters x; mod 7y, (i = 1,2,3,4) and the
principal character xg mod g we have

< e (log PV,

> | Z{g, xox1, X0 X2, X0X3, X0xX4)]
¢*(a)

g=P
rlg

where r = [ry, 79,73, T4].
PROOF. This is lemma 3.3 in {2]. O

LEMMA 3.3.

> | An, )| « z e d(n).
Gz

Proor. The proof follows literally the proof of lemma, of (4.12) in [6]. [J

LEMMA 3.4. For P < 2'3/80~¢ there is

(3.1) >

Ngz

[T s(0N) = X Ala )| < aP™115%
p<P <P



A REMARK ON A THEOREM OF THE GOLDBACIH-WARING TYPE 313

which tmplies that

(3.2) I s, Ny =" Afg,n) + 0(z"°)

pEP gsF

for all but < 12 P13 ecyen integers N with 1 S N £ .

ProOF. This theorem is stated in [2] for all P < £7/1%0-¢, The proof

shows however that it holds for P £ £'3/80=¢ a5 well. Splitting the summa-
tion over n in residue ¢lasses modulo ¢, we obtain

E . Ck:(a’aQ) L . 2
sk(qm) = S n(0) 4 5 T OuladWilhn) + O,

x mod g

Thus we obtain from (2.1}

(3.3)  Ri(N) = RIYN) + R{(N) + O(z*L™4) (for any G > 0),
where

1/Qq ¢
RP(N)= > d)f(q) Z* [ I Crla,9)T(Ne (MZN—)\N) d,

Ri(N)
1/Qq o

5 . i
IO DY [ T1 Citas T

k=2 q5P 1%e%q =2
= 2024 ~1/Qq L£k

x 3 Cila,@)Wil(d x)e (—S-N - )\N) X

x mod g
5 | 1/Qq
+ Z Z d)d( ) Z / H Cm(a':Q')Tm(/\)
kt=2 ¢g<P 1 1<ely *1../Qq me{k,l}

k<l

<1 X co(a,X)WO(A,X)e<-9N—AN) A
0=2 y mod g 4
o£k
o7l
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5 1 1/Qq
k=2 <P e 15aZq ~1/Qq

Cila, YWi(N, X)e (—EN - ,\N) d

1/Qq

+ 3 3 / I > Gla,x)Wilx, Ne (—%NMAN) dA,

¢,4
gspP 1<a§q ~1/Qq k=22 x mod ¢

=: 57+ 5+ 85+ 8.

We first calculate RTY(N). Applying lemma 3.1 yields

Te(A) = f e(Au®)du + O(1) = % f v'}?“le()\v) dv + O(1)
%/2!&2-}-1 xf2k+1
1 A
=1 e(li”;) +0(1)
w/2+icmSa T

Substituting this in R*(N) we see

. Qg \
RPN = 335 S Al0) | 1l ( 2. e(Jm.))e(*N A dA
qu ~1/Qq ¥ w2 Hlem<y VP
5 -1/Qq (A )
+O(Z|A(q)|H f max( £ :nl ,1) d)\).
z/2kFl<m<a meok

=P =2 1/Qq

Using lemma 3.3 and the trivial bound

(3.4) Z 6(}1\7_!1) < min ({‘/E, lmll ) ,

zf2t+lamSa m
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we derive using lemma 3.4,

/2
i 2 e(Am
(35) RP(N) = 5 > Alg) / 11 > (1_1))6(~N,\) dX
9SP Ly k=2 Nof2htiamge M F
1/2
1 ~A
+O(Z |A(Q’)I / md)\) + Oz L")
93P 1/Qq
. 1 . 3. .10—3 Ly —A
= 1—261302}1((1)+O((PQ) LY + O(zh L)
GEP
=35 II sto)+0rL4)
lspsP

for all but 22 P~1/3 integers N < z, where P is defined as in (2.4) and
£ is chosen sufficiently large in @ = NP~1L=F, In the sequel E == E(G) is
fixed. Now we estimate the terms S, © = 1, 2,3,4. Using lemma 3.2 we can
estimate Sy in the following way:

1S4

;Pa;al@ Z Z Z Z Z(q, X2, X3 X4, X5)
4=

x2mod g x3 mod ¢ x4 modg x5 mod g

1/Qq .
X TT WO xs)e(~NA) dx
~1/Qq *=2
=2 > X > )OEED DD DD Y

TSP 1aSP <P rsEPirg T3,74,75]| SP X2 mod r3 x3 mod ra xs mod 4 x5 mod 75

1/Qlrawarams]

< f Welhx)| dd S0
2

k== <
~1/Qlra,rara,ms) r 1‘3?51‘ llg
2,73, 74,75

| Z(q, x2x0, X8X0, X1X0, X5X0)|
¢1(q) '
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A DD DD DD P PR

PSP r3SP 14SP rsSP

]'/Q{TQ :T3;7‘41T5] 8

D DD DD D P f T With, x|

x2 mod raz x3 mod 13 x4 mod rq x5 mod rs ~1/Q[rayrara,rs) k=2
¥ ¥ b

. 1/13-2¢_4/13~25_8/13-2 :
Using [re,73,74,75] 2 TSE"":s/ 5?"4/ E?"s/ ¢, we obtain

(3.6) S

<Ly ryt Z* max | WalX, xz2|

<1ty
T EP xg mod 1y [MEL/r2@
ﬁ1/13+25 *
X Z?"e. Z | [ax | Wa(h x|
T3S P x3 mod r3i i£1/r3Q

?‘4§P X4 mod 4 wl/Q?}

1/Qra 1/2

1/Qrs 1/2
x 3 pr 81842 3 ( / W5 (A, xs) zd)\)
<P x5 mod 75 1/ Qs ’
L L L I Wy Ws,

where

- ~ay R
I = ,.%;T 3 A | We(X 01,

1/Qr 1/2
Wk=2fr“ak Z ( f iWk()\,X)izd)\) ,

r<P X -1/Qr
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4

ap = |

.

5?
1

13
4

13
8

13

— 2,
- 2,

— 2,

Arguing similarly we obtain

(3.7) S1+ 8+ 5;

& L* max
kldmn=pdl

+ L° max

28k lmnSh  [ASL/R

kbbb n=ptl

+ L max

Etltman=pt1

We have trivially

Using (3.4) we obtain

1/Q

[/

-1/Q

X ]Tk

ma
28k LmnSs  |A£1/Q

for k=2,
for k =3,
for k = 4,
for k = 5.

1/Q
(A)| max Tg()\)l( f ;Tm(,\)[zd,\)

IMs1/@Q
-1/Q

max | Tp(A)| max |Ty(A)| Wi W,

s1/Q

ax [T LW, W
28k1mnsh ',\I!%BCQ! k( )|£ m¥¥a

max |Tk(A)| < at/k,

(Ms1/@Q

1/2
|Tk()\)[2d)\> <« I

1/2

17

Wy

Thus we see from (3.3) and (3.5)~(3.7) that the proof of (2.3} reduces to the
proof of the following two lemmata:

LEMMA 3.5. If P<zie6~% and 2 <k <5

for any B > 0.

Wi, <p z'/F-12 8
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LeMMA 3.6, If P < 2156 and 2 Sk<H
Ik & wl/kLA

for a certain A > 0,

4. Proof of lemma 3.5
In order to prove the lemma it is enough to show that
(4.1) Wi < zb " 3R%L™B
where

1/Qr 1/2
Wk,lz.:Z Z ( f |Wk()\,x)|2d)\)

r~R x ~1/Qr

for R £ P/2. Applying lemma 1, [3] we see

i/Qr
an [ mol’ e
—~1/Q7
x 2
< (QR)Y™? Z Alm)x(m) — Ey Z 1| dt.
ajoktz | t<mbSi+Qr f<mF SLHQr
pf2ktlamb g z/2btlamb Sa

We set X = max(z/2%"1 1) and X +Y = min{z,t + Qr). In the sequel we
will treat the cases R > L and R < LP for a sufficiently large constant
D > 0 separately. In the first case we apply a slight modification of Heath-
Brown’s identity ([4])

_C_’,*KK~—'"]’S'”13 (St — et K
C(aw;(j)( D M) = S (1 - M)

with K =5 and
M{s) = z win)

nEgl/ok
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to the sum

2.

X<mb<X 4y

Arguing exactly as in part 111, {11} we find by applying Heath Brown’s iden-
tity and Perron’s summation formula (see [9], Lemma 3.12) that the inner

sum of (4.2) —- where always Fy = 0 because of R > L and the primitivity
of the characters — is a linear combination of O(L®} terms of the form

r 11, Vel
1 1 (X + y)RlE+i) _ x k(i)
Skl edayy = - /Fk (:‘j + i, x) e du

where 27T < o,

10
Fi(syx) = [ feg(:x) frilsix) = D arg{n)xan ™,
=1

n€ly,;

lognorl, j=1,

ak,j(n) = 1, 1 <j g 5, s Ij = (Nk,ja ZNk!]'], 1 é] § 10,
win), 6 < 10.
HY
(4.3) Yo < ][ Vey < V2, Ny S/, 6<5<10.
J=1
Since

(X 1+ )R _ xh(3em)

. < min (QRwﬁlﬁ“l,aﬁlﬁ(lul + 1) _1')
Lt

by taking T =z*P?*(1+{Alz) and Ty =2z(QR)™', we conclude that
SIGI,,,‘,IQH is bounded by

g
1
F, (§+iu,x)\du+wﬁ [

P
£
& QRx2e
~To TyslulST

1 du
F.l =41 —_
k@*”“NM|

+ m%Pﬁz,
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Thus we derive from (4.2) that in order to prove (4.1) it is enough to show
that

Ty

(4.4) Z*f Fy (%ﬂ‘t,x) dt <« gt/ pu-e~B
el X 0
2’1_‘1 1
45 Y Z/ Fy (§+it,x> dt < g /*-1QRIT e 7B
ree iR X rle

Ty < | €T

For the proof of (4.4) and (4.5) we will prove two propositions. We will need
the estimate

(4.6) Z d¥(n) < x LW,

We now establish
PROPOSITION 1. If there exists Ny j, and Ny 4o (1 S j1,52 £ 5) such that
Ni j1Ng jo 2 P2720543¢ then (4.4) is true.

ProOF. We suppose without loss of generality j; = 1, as(n) = logn and
ja =2, as(n) = 1. Arguing exactly as in the proof of proposition 1 in [11)],

we find
ok t/d
1+'1t < L ’ L 1+"H—' " /+L
fk,l 2 (2094 2 ] TU}X 1 + ]?)l 3
v

and so we find by using lemma 3.7 in [2):

1 .
fl (§ + Et? X)
gl/k To+v

< [ gmI e

— g/ ~ROx

1
dt

1
L (‘2‘ -+ it,x)

sy

reRX

4
dt + Ty R 1A
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To+v 4
Lo t, dt + ToR*L*
< |N|<$]/Rf 1-|— TZR Zx: / ( +1 X) 0
Nj2
N4t

dv + T0R2L4

(L)

4+ L® max N~ dtz Z /

N|Sgl/#
INIZ R x mod 7 N~H

< R*1,L°,

Using lemma 3.8 in [2], (4.6) and Holder’s inequality we obtain

F&( +zt,X)|df
reRX
1/4
<<(Z 3 ffm( +ztx> di)
re R

(5 x Gl

0

(5 5 M Grodls)”

X

YL

1/2
e | L g PRRMLTE
Nk,].Nk,Z)

< (R*T)'* (R2T0 +

by the definition of T and the condition of the proposition. 1

PROPOSITION 2. Let J ={1,...,10}. If J can be divided into two non
overlapping subsets J, and Jo such that

1
max ( H Ny s H N;c,j) & g prateas—de
jedq J€J2

then (4.4) is true.
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PrRooOr. Let
Frls,) = [ frslsx) = > biln , bi(n) < d(n), i=1,2,
j€J; <€ M;

where M; = [] Ny, ¢ =1,2. Applying lemma 3.8 in [2], (4.3) and (4.6) we
JEJi
see

?NR
1o 1 1/2
<<(Z Z f Fa (§+'ét,x) dt)
rel X
Ty 1/2
(Z 2] o (4 it dt)
reIL X

< (R*Ty+ My) P (RPTy + M) '

& Ry + goe RP-1Hen—3eql/2 o, p1/%k pe
This proves the proposition because of R > LY. Using proposition 1 and 2,
we can prove {4.4) in nearly the same way as (4.4) is proved in [2]. The only
difference in the proof is that instead of assuming

Ny Ny S PYHTHSE < 2% 1 <4 <5, i)
as in [2], we assume in view of proposition 1 that
Ny Ny S PPoostde < g2k 1 <4, <5, i)

The proof of (4.5) goes along the same lines. (4.1) is now proved in the case
R > LP. The case R < LP is treated exactly as in [2]. g
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5. Proof of Lemma 3.6

To prove the lemma it is enough to show that

1/kpap r A
1%2?3)/{2 Z Z l/\llgeim/}:Q|Wk()«,xr)| L PR LS,

Arguing as in the section before — we do not have to apply Gallagher's
lemma here — we find
T
|
F "2" -+ 2t, X dt
-7

X ] utEle —Llo w4 Au | du
2km g

$/2k+l

Wi(h x) € L max

arrdagg gy

+gEpl

for T = PP%. Estimating the inner integral by the lemmata 4.3 and 4.4 of [9],
we obtain

T

-1
/ uz L(zk logu-i-/\u)d

x /2541

] T z

1
2% mi :
& x min r—"ltl Tl ool mm lt + 2k7 Au)

Taking T = 41»7m:(rQ)_1 we conclude that in order to prove the lemma it is
enough to prove that for P < ZT56¢ and 2 < k £ 5 there holds

Z Z /Fk (%+z’t,x> dt < z/R R e,

r~1R X

20
! :
) X / Fk( + it x) dt < g'PMRWTLS, Ty < [T ST

r~R X

These estimates are shown in the same way as (4.4) and (4.5). Two propo-
sitions analogous to the propositions 1 and 2 are proved:
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PROPOSITION 3. If there exist Ny ;, and Ny jo (1 £ j1, 752 £ 5) such that
Ni 1 Ny jo 2 P2206t8¢ ghen (5.1) is true.

PROPOSITION 4. Let J = {1,...,10}. If J can be divided into two non
overlopping subsets J, and Jy such that

Lo -
wa (T Wi, [[ Moy ) < akp- 2020
jeh JEJ2

then (5.1) is true. 0

REMARK. Here we do not need to treat the case R > L” separately be-
cause we do not have to save a factor L5,

REFERENCES

[l] Bauer, C., On a problem of the Goldbach~Waring Type, Acta Mathematice Sinica,
New Series 14, No. 2 (1998}, 223-234. MR 2000e:11128

[2] Baver, C., An improvement on a theorem of the Goldbach-Waring type, Rocky
Mountains Journal of Mathematics, Winter 2001, Volume 31, Number 4,
1151-1170. MR 2003b:11104

[3] GarnagHer, P. X, A large sieve density estimate near o = 1. Inventiones Math.
1% (1970), 329-339. MR 4344775

[4] Hearu-Brown, D. R., Prime numbers in short intervals and a generalized Vaughan's
identity, Canadian J. Math. 34 (1982), 1365-1377. MR 84q:10075

[5] Hua, L. K., Some results in the additive prime number theory, Quart. J. Math.
{Ozford) 9 (1938), 68-80.

[6] Lru, J. Y. and Zian, T., Squares of primes and powers of two, Monat. Math. 128
(1999), 283-313. MR 2000k:11110

[7] Mownrgomery, H. L. and Vauvcuan, R. C., The exceptional set in Goldbach’s
problem, Acte Arith, 27 {1975), 353-370. ME 51410263

[8] Pracuar, K., Uber ein Problem vom Waring-Goldbach’schen Typ, Monatshefte
Muathematik. 57 (1953), 66-74. MR 15,856a
[9] TrrcamarsH, E. C., The theory of the Riemann Zete-Function, Second edition,
Clarendon Press (Oxford, 1986). MR 88¢:11049
[10] Vinogranov, I. M., Estimation of certain trigonometric sums with prime variables,
Irv. Acado. Nauk SS5R. Ser. Mat. 3, no. 4 (1939), 371-398.
[11] Znan, T., On the representation of a large odd integer as a sum of three almost equal
primes, Acta Mathematice Sinica T (1991), No. 3, 250-272. MR 92m:11113

{Received August 21, 2002)

DOLBY LABORATORIES, INC,
100 POTRERO AVENUR

SAN FRANCISCO, CA 94103
U.8.A.

cb@dolby.com



