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Hua’s theorem for five almost equal prime squares

By

CLAUS BAUER and YONGHUI WANG

Abstract. Let p;, 1<i<5, be prime numbers. It is proved that every sufficiently large integer
N that satisfies N = S5(mod 24) can be written as N = p% + p% + p% + pi + pg, where

1_9
V& - pilsN2T 20T

1. Introduction. One of the important contributions of Hua to additive number theory
is the theorem on the sum of five prime squares. Hua proved [5] that every sufficiently large
integer n satisfying n = 5(mod 24) is equal to the sum of five prime squares. Assuming
the Generalized Riemann Hypothesis, Liu and Zhan [8] considered a generalization of this
problem for primes in short intervals. They showed the following result:

Assume the General Riemann Hypothesis. Then any sufficiently large integer n satisfying
n = 5(mod 24) can be written as

n:p%+p%+P§+P£+P§,
n
pi — 5

9
y — nﬁ+€.

(1.1) where Sy, i=1,23,4,5

for

In a series of papers [1], [2], [9] the same problem was investigated without any assumption
on the distribution of the zeros of the Dirichlet L-functions. So far, the best result was
obtained in [2]:
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Any sufficiently large positive integer n satisfying n = 5(mod 24) can be written as

n=pi+ps+p3+p;+ i

p,-—\/g‘ <y, i=1,2,34,5.

In this paper, we improve on this result by applying a method introduced by Liu in [7]
and a new estimate for Dirichlet polynomials introduced by Choi and Kumchev [6]. The
novelty of Liu’s method lies in the evaluation of the contribution of the partial singular series
containing characters sums that naturally arise in the problem. Previously in [2], for each
module r of a primitive characters one saves a factor r ~3/2*€ when evaluating the partial
singular series. The saving r /%€ is divided among the contribution of the five different
sums over primes involved in the problem. In contrast, by applying the method introduced
in [7], here we use an iterative method which allows us to save the full factor r —3/2t¢ for
all five partial singular series. Applying the new estimate for Dirichlet polynomials in [6],
this allows us to improve upon the result in [2] and we prove the following:

(1.2) where

Theorem 1. Any sufficiently large positive integer n satisfying n = 5(mod 24) can be
written as

n = p?+p3+p+pi+pl,

n
Pi—\/g

9
m+€'

(1.3) where

<y i=1223475

for
1
y = n77

We note that the application of only the method of Liu [7] without applying the new estimate

for Dirichlet polyomials [6] would have established Theorem 1 with y = n2~%%€, which
is also better than the previous best bound of [2].

After this work was finished, the author learned of the yet unpublished work in [10]
and [11] in which the value of y is further reduced to y = n2-wte by introducing a new
technique on the major arcs.

2. Preliminaries and Outline of the proof. (a, ) and [a, b] denote the greatest com-
mon divisor and the smallest common multiple of two integers a and b respectively. Let

q * q *
a=1 a=1 x modgq x mod g

(a,q)=1 X primitive
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S(a) = Z A(m)e(m3a),

Ni=m=N,
R(n) = > A(m1)A(ma) A(m3) A(ma) A(ms).
n=m?+m3-tm34m3+m?
Nl<mi§N2

Define for a character y mod ¢

q
Cla.x) =Y x(he (?/12) . Cla.q):=Cla. xo).

h=1

ARCH. MATH.

Letcande, €1, .. > 0 denote constants that may take different values on different occasions.

We shall write x€L¢ < x€, x€1x€1 « x€1. Set
(21) P — n2+€1y74’ Q — y7n7%72€1.

We define the major arcs M and the minor arcs m by

-y 0 l-a el

= oo, LA Q9" q
o3l
m=|——,1—— |\ M.
0 (0
We have
R(n) = /Ss(oz)e(—na)dot —i—/SS(oz)e(—na)da
M m
(2.2) =: R1(n) + Ra(n).

We will prove that R(n) > 0 which proves Theorem 1.

For the treatment of the minor arcs we quote the following lemma due to Harman, [4].

Lemma 2.1. Suppose € > 0 is given and

1

<q- with (a,q) = 1.

a
- —a

Then
1
1 x% x% qx :
Z Am)en’a) €y [ =4+ =+ -+
q y y -

x<n<x+y

holds for 1 < q < xy.
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Applying this to S(«) we find that

1 1 1 1

nie neo ing
max |S(a)| < y' T (P‘l/4 +—+—+ Q )
aEm 7

yi ooy?
(2.3) & ynmiass

by choosing €| = 8¢. Using (2.3) and the so called Hua’s Lemma [5], we estimate the
contribution of the minor arcs as

1

(2.4) Rom) S sup 1S@)| [ IS@[*de < y*n~ 2L 5.
oaEm 0
for any B > 0.
In the following sections we shall first show that for any B > 0
1 Y(q) 4 —1/27-B
(2.5) Ri(n) = 5 Py +0(* ™ 2L7E),
32 Z #3(@)
qsP
where
1
(2.6) Y2« Py = > — <y
my+my+m3+my+ms=n m1m2m3m4m5
N2 <m;<N?
[<mi=N
and
Y(q) := Z(q, X0, X0: X0: X0s X0)-
q *
Z(q. X10 X22 X35 Xa X5) 2= )
a=1
a
C(a, x1)C(a, x2)C(a, x3)C(a, x4)C(a, xs)e <—5n> ,
Y(q) 1+ A(p), p>2
A = —_ =
D=5 W { 1+ AQ) +A@) +A®)., p=2.
Finally we will derive
1 4 —1/27-B
(2.7) Ri(m) = o 01:[1s<p>+0<y n~2L7P),
pz

where [] s(p) > ¢, from (2.5). Theorem 1 follows from (2.2), (2.4), (2.6) and (2.7).
pzl



550 C. BAUER and Y. WANG ARCH. MATH.

3. Main lemmas. We define the following quantities which we will need for the proof
of Theorem 1:
S )= Y. Amxmemr), TO)= Y em®h),
Ni<m<N, Ni<m<N,

1, if x = xo,
W, 30 = SR, x) = EoGOT (), Eo(x) = { 0 i)tl)ferwi)s(g.

*

J@ =) lg. 17 3" max |W@,x)l,

r<pP x (mod r) IM=l/ro
. Uro 12
K@ =Ytern 3 | [ we.orar
r<P x (modr) —1/rQ

The proof of Theorem 1 will make use of the following lemmas:

Lemma 3.1. If P <n® "€ and g > 1, then
K(g) < g~3/2+eyl/2,=1/4c.
Lemma 3.2. If P <n3/2~€ and g > 1, then
J(g) « g 2/**eyLe.
Lemma 3.3. If P <n%/20=¢ then
J() < yL™4,
forany A > 0.

3.1 Proof of Lemma 3.1. In order to prove the lemma we show that

. 1/r0 1/2
> g e N / WO, x)1%d A
r~R x (mod r) —1/rQ
(31) << g73/2+€y1/2n71/4LL
for R< P and r ~ R denotes R/2 < r < R. Applying Lemma 1, [3], we see
1/ro
Wk 0P d
-1/rQ
N2 2
(32) < (QR)? f > Amx(m)—Eo(x) Y. 1| dr
X<m2<X+Y X<m?<X+Y

NZ-QR
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where X = max(z, N12), X +Y = min(¢ + Qr, N22). Arguing as in [6], we find by applying
Perron’s summation formula that the inner sum of (3.2) can be written as

b+iT

(3.3) S::-lf /iFT&X)
27

b—iT

X+Y): —X3
XAV =X et oL,
forT =nand0 < b < L1, with

(3.4 F(s,x) = Z (A(m)x (m) — Eo(x))m ™.

X12<m<(X+Y)1/2
Using trivial estimates, we see that for 0 < b < L}

X+Y):—X3 o _
KAD? = X2 min( o)+ D7)
for Ty = n(QR)~!. Thus, for b | 0, S is bounded by

dt )
+ L
To + |1

T
S K / |F(it, x)|
=7

T
1
(3.5) «lex-—/|mmxnm+L?
To<T1<T T}

-1

Thus, we see from (3.2) and (3.5) that the left-hand side of (3.1) is bounded above by

T
<L max (QR)'T 'y n g[g r] 2}() |F(it, x|
~ EA

(3.6) FL3(QR) 1y 2n /32 R2.

In view of (3.1), we see that the second term in (3.6) is permissible for P < n?/70-€ We
note that [g, r](g, r) = gr. Thus, the first term of (3.6) is

R —3/2+€
<« max g—3/2+€L(QR)—1T1—1y1/2n1/4 Z (g)

To<Ti<T
d<R
dlg

*

T,
(3.7) > /an(h,x)ldL
X

r~R
dir -h

In order to estimate the expression (3.7), we apply Theorem 1.1 from [6]:
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Lemma 3.4. For F (s, x) defined as in (3.4), there is

« D 2
R-T;
55 [ et (w24 ).
m

r~R X -7

mlr

Applying the lemma and the estimate of divisor function ) 1 <« g€ to (3.7) yields
dlg

<< max maxg73/2+€L(QR)71T1—1y1/2n1/4
TosSTI<T f1<|8

d<R
R —3/2+€ R2T
« (2 n1/2+_1n11/40
d d
< g ¥y A e

for P <n%79=¢ which is obtained by noting that Q = n'=¢/P7/4,
3.2 Proof of Lemma 3.2. To prove the lemma it is enough to show that

*
3.8 max  max max L r] 33t W, x)| < g3y LC.
(9 REP/2 0<A< A§|k|§2Ar¥R[g ] 2}(:' @0l <g y

We recall the definitions (3.4) and (3.3) from the previous section and in the definition
(3.4) change X to N 12 Then we follow the argument in [6] and see by partial summation
that

b+iT
(3.9) W, x) = z_;ln / F(s, )V (s, Mds + O(1),
b—iT
where 0 < b< L~ !and T = n'°.
Ny
Vs, A) = f wle(Aw?)dw.
Ny

Using a trivial estimates and well-known estimates for exponential integrals as given in
[14, Chapter 4], we see for A S |A| S2A

(3.10) V(o +it, 1) < n®?min{yn™ "2, /lt| + 1, max |t +4xre?|7!).
N1Sw<2N,
We set Ty = ny~2, combine (3.9) and (3.10) and let 5 | 0, such that
To
Wk ) < - f Rt olds + T / Far 0l —2— + o).
n!/2 To + 1]

T TosIAET
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Thus, the left-hand side of (3.8) is upper bounded by

Ty
/ |F(it, x)|dt
0

*
Y se —3/2+€
< Rrg?/cz _nl/zL ;[g, r] XX:

glr —Ti

T
*
/20 32+ :
4+  max max max LT, "T. T /Flt, dt
REP/2 g<p< L Tosh=r 0 2 2 le.r] 2_ | 1FGt 0l
=2=RQ r;er X -1
RZ

(3.11) +

3/20—¢

2, . .
The term g;f’—z_e is permissible for R < n in view of (3.8). For the first two terms, we

apply again Lemma 3.4:

y R\ —3/2+e « 1o
c,—3/2+€ [ % H
< RIISI?;ZI%EX _n1/2L g <d) ZZ / |F(it, x)ldt
- d<R

r~R X
dir ~-To

—3/24€
+ max  max maxLTol/sz_lg_yHG R
R<P/2 To<T<T d<|g d

d<R

*

)3
x 2.2 / |[F(it, ldr < g7y L,
2

r~R
dir X =T

for P < p3/20+¢,

3.3 Proof of Lemma 3.3. We treat separately the cases R< LY and R>L" for a
sufficiently large V to be determined later. In the second case, we argue as in the previous
section using Lemma 3.4 for g = 1 and use R > LY. In the case R < LV, we argue as in
[7] and use the zero expansion of the von Mangoldt-function [13]:

mg A(m)x(m) = Eo(x)u — ng % +0 ((; n 1) 1og2(ur>) :

where p runs over the non-trivial zeros of the L-function corresponding to x mod r with
|Im p| £ T. Thus,

N;

W, x) = / e@*n)d { Y A(m)x(m) — Eo()u

<
N n<u
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Ny
= /e(u%\) > wldu+ 0@+ |An)L?)
N [Tm p|<n!/®
<Ly Z nB=D0/2 + O(yL_A),
[Im p|<n'/6

where B = Re p and T = n'/®. We now use the fact that L(o + it, x) with x mod r
and » < LV has no zeros in the region (see [13], VIII Satz 6.2)

(€]
log r + (log(T + 2))4/5’

where cq is an absolute constant. We also appeal to a well known zero density estimate
[12]:

(3.12) o>1-8(T):=1—

[t|=T,

Lemma 3.5. Let N*(«, T, q) denote the number of zeros o + it of all L-functions to
primitive characters modulo g within the region o 2 «, |t| < T. Then

D N*@, T, q) < (Q°T)*1 P (log Q7).
90
Using (3.12) and Lemma 3.5, we obtain for T = n!/®, and such §(n'/%) = ¢cL=4/5 ;

*

—3/2+¢

max r E max |W(A,
RSLY IAI§1/rQ| *. 2
=" r~R x(modr)

<<yLVZ 2*: Z nﬂz;1 +yL=A

r<LY xmodr [Im p|<n!/®
1-8(n'/%)
B—1
<yL' / nrdy= Y N0 )y 4yl

0 r<LV

1/6)(§+e)a-p), w5 A

< yLV max (n T 4+ yL™

0B=1-5(n1/0)

B K3(,11/6)
< yn 10

< yL™*,
forany A > 0. O

4. Treatment of the major arcs. Splitting the summation over m in residue classes
modulo ¢ we obtain

a C(a, q) 1 2
Sl—+X1) = T\ —_— C(a, ) )W(r, O(L?).
(q+) vy <)+¢(q) D Cla. OWR )+ 0L

x modgq
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Thus we derive from (2.2) that

(4.1) Ri(n) = R™(n) + R¢(n) + O(y*x~12L=8),
where
q* 1/0q
(4.2) R () =) 51 > Cia.qe (—fn) / T>(WVe(—ni)d r,
P 77
= - q
R{(n) =
N 1/0q 5
Z —= Z / (Z C(a, x))W(A, X)) e (—zn —An) di
oyt > (q) 1o N7 q
q
' g« 1/Q4
5 55 2 [ caora
a=p O 015,
4
(Z C(a, x))W(x, X)> e <—En — An) dx
P q
| 1/0q
+10) > / (Cla, )T (1)
qSP¢ @ o h
= —1/0q
3
(Z C(a, )W (A, X)) e <—zn — )»n) dx
p q
| o 1/0q
F10Y > [ €c@oroy
qsP ¢ (q) a=1
= ~1/0q

2
(ZC(a,X)W(A.,X)) e(—zn—)\n>dk
X q

| ax Ve

+5Y ==Y [ caarey
— $>(q) =
a=P a=l_1/0q

(Z C(a, x)W(A, X)) e (—gn — An) dx

X
(4.3) =) 45> +10) +10) 45 .
1 2 3 4 5

We first evaluate the main term R}". We will use the following lemmas:
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Lemma 4.1. Let f(x), g(x) be monotonic functions in the interval [a, b] and |g(x)| K
M.IfIf' ()26 < 1, gx), g'(0) K 1,

b
1
> gme(fm) = f g e(f(x) dx + O (m) .

a<n<b

Proof. See[14]. 0O

Lemma 4.2. Let x; mod r; with = 1,2,3,4,5 be primitive characters, r = [ry, ra,
r3, ¥4, 5], and xo the principal character mod q. Then

Z 9 b 9 b bl —

1Z(q. xox1 X0X25X0X3 X0X4> X0X5)| & 132 (log PY°
¢°(q)

Proof. See Lemma 3.3 in [2].

We apply Lemma 4.1 to 7'(1) and find

Ny NZ2
/ 2 1 / -1/2
T0)= [ eGuddu+0) =2 [ o™ eGu)dv +01)
Ny le
1 e(Am)
=_ Z +0().
2 N12<m§N22 \/%

Substituting this into R}’ (n) we see

5

1/Qq
1 Y(q) e(Am)
RI' ()= — Y — / > e(—nA)dh
32 qsP ¢ (q),l/Qq NZ<m<N? ﬂ
vl (Am) 4
q e(Am
(4.4) +o| > — f > dxr
qsP ¢ (q),l/Qq N12<m§N22 \/m
Using
A 1

N|2<m§N22
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and Lemma 4.2 with r = 1 we derive from (4.4)

12 3
1 Y(q) e(Am)
Rm( ) Z : Z
X (q) N2 e Jm
e(—nir)d ) + 0(y4n—1/2L—B)
Y(q) ’ /
+0
(q) (x/_lkl)5
- ipo Z Y@ L 05052 + 0012 L)
32 = ()
1 Y(q) 4 —1/27—B
(4.6) =—P )y + 00O V2L78),
327 = ()

557

for any B > 0, where Py is defined as in (2.6). Applying Lemma 4.2, we can estimate )

in the following way:

2

1

1/0q s

Z(g, X1, X2, X35 X4> X5) / ]—[W(A,XJ)e(—nk)dk'

~1/0q /=1

A

[ry,rp, r3 r4 r5J<P

1/Qlr1,r2.73,74,75]

|Z(q, x1X0, X2X0> X3X0> X4X0» X5X0)|
x )

S L X Y Y ¥

x1 mod g x2 mod g x3 mod g x4 mod g x5 mod ¢

IIDIDIPD Z MDY

<P <P r3<Pry<P x1 mod ry x2 mod rp

[TIWo. xplda

X3 mod r3 x4 mod ry x5 MOA 510y 113,y 5] I

#(q)

q=P
[ry.r2.r3.74.151lq

& L° Z Z Z Z X:[rl,rz,r3,r4,l’5]_%+6

rEPrsPr3sPrysPrssP

x1 mod ry x2 mod rp x3 mod r3

1
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1/Qlr1.ry.r3.14.151 5

i Z f [TIwe., xoldn

X4 mod ra x5 mOd 15 _1 /1y ry ry ey, rs] =1

SLEY Y0 max (WO, xol Y Y max [W(, )

r1<P x; mod ry IM=1/riQ <P x2 mod rp Wigl/rQ
* * 1/Qry 2
XY Wl Y Y| [ wewra
r3<P x3 mod r3| S/ 74P x4 mod ry —1/0r4
1/0rs 12

*
3
@D x Y s [ wooera

<
r5:P X5 mod rs 71/Qr5

Since s = [ry, 12, 13, ra, rs] = [[r1, r2, ra, rs], r3], we use Lemma 3.1 to estimate the sum
over rs in (4.7) is

. 1/r50 172
= Y Ml ra.rz.ralors] e Y W, xs)1%d A
"5§P X5 mod rs 71/1‘5Q

< K([r1, r2, 13, 14]) K [r1, 72, 73, 14] /2 2714 e

Applying again Lemma 3.1, we see that the contribution of this quantity to the sum over r4
is:

\ 140 2
< YV VALE N ey e g, g T Y [WOh, xa)l?d
rq<P x4 mod rg —1/740

= K([r1, 72, r3])y1/2n_1/4LC < [r1, 72, r3]_3/2+5yn_1/2LC.

Applying now Lemma 3.2, we see that the contribution of this quantity to the sum over r3
is:

*

<< yn—l/ZLc Z [r15 r, },.3]_3/2—"_e Z max |W()\'7 X3)|

YS!
r3<P x3 mod r3 IM=1/r3Q

< J(r1, D) yn ™ V2LE & [y, ] TPy I 2Ll
Applying Lemma 3.2 again, we see

*

LY PLEY )T YT max (WL )

AlS1
mn<P x2 mod rp IM=1/r20

< v PLegn) < 17y e 2N LE
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Inserting the last bound into (4.8) and using Lemma 3.3, we estimate the sum over rq as
follows:

*

)SRTUSCTD SERLD S

AIZ1
1 r <P x1 mod r1| I=t/riQ

(4.8) =y n 2L g « y*n V2L,

For the estimation of the sums ) —> we note that
2 5

T= max [TV Ky,
Al=1/Q

and using (4.5) we get:

1/0 1/2

ITMW>dr]| <y a4
—1/0

Using these estimates and the Lemmas 3.1-3.3, we argue similarly to the estimation
of > and obtain:
1

(4.9) DDA 4 <yt AL
2 3 4 5
Thus, we see from (4.1), (4.3), (4.6), (4.7), and (4.8):

1 _ _
R ) = 5Py Alg)+ 00 ™ 2L7H),
gz1

ie., we proved (2.5). O

5. Proof of Theorem 1. We now derive (2.7) from (2.5). We use

Lemma 5.1.

DA =[] s+ 0P,

qsP psP

where [] s(p) >c¢ > 0.
psP

Proof. This is Lemma 4.2 in [8]. Applying Lemma 5.1 to (2.5) yields (2.7). O
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